Rules for integrands of the form (fx)" (d + ex")9 (a + bLog[c x"])P

e\q
0: Jx'" (d+—) (a+blog[cx"])Pdx whenm=q A qez
X

Derivation: Algebraic simplification

Rule:lf m==q A q € 7, then

m €\d n n
J-x (d+;) (a+blLog[cx"])?dx — J-(e+dx)q (a+blLog[cx"])Pdx

Program code:

Int[x_"m_.x(d_+e_./x_)"q_.*(a_.+b_.*xLog[c_.*x_"n_.]) p_.,x_Symbol] :=
Int[ (e+d*x)~q* (a+bxLog[c*x"*n])*p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & EqQ[m,q] && IntegerQ[q]

1: Jx'" (d+ex")? (a+blog[cx"]) dx whenqez* A mez

Derivation: Integration by parts

bn
X

Basis: 9x (a+ b Log[cx"]) ==

Rule:lf ge z* A mez, letu - jxm (d + e x")9dx,then

J-x’" (d+ex")% (a+blog[cx"]) dx — u (a+bLog[cx"]) —ande
x

Program code:

Int[x_"m_.x(d_+e_.*x_"r_.)"q_.*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
With[{u=IntHide [x mx (d+exx"r)~q,x]},
ux (a+bxLog[cx"n]) - bxnxInt[SimplifyIntegrand[u/x,x]1,x]|] /;
FreeQ[{a,b,c,d,e,n,r},x] & & IGtQ[q,09] && IGtQ[m,0]



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p
Int[x_"m_.*(d_+e_.*x_"r_.)"q_.*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
With[{u=IntHide [x"m (d+e*x"r)~q,x]},

Dist[ (a+bxLog[c*x*n]),u] - bxnxInt[SimplifyIntegrand[u/x,x],x]] /;
FreeQ[{a,b,c,d,e,n,r},x] & & IGtQ[q,0] &% IntegerQ[m] && Not[EqQ[q,1] &% EqQ[m,-1]]

2: J‘(-Fx)m(d+ex")q (a+bLlog[cx"])dx whenm+r (q+1) +1==0 A m#-1

Derivation: Integration by parts

Basis:If m+r (q+1) +1 =0 Am+ -1,then (fx)" (d+ex")9 == Oy (fx)™?! (d+ex")9+?

df (mel)
 Rule:lffm+r (q+1) +1==0 A m+ -1,then
£x)™! (d+ex")?" (a+bLlogfcx" b . et
j(fx)"‘(d+ex")q(a+bLog[cx“])d1x—» (Fx)™ d-F)(m+(1) [cx]) _d(mrl) j(fx) (d+ex")% ax

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_"r_.)"q_*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
(Fxx) "~ (m+1) x (d+exx”r) A (q+1) x (a+bxLog[cxx n]) / (d+Ffx (m+1)) -
bxn/ (dx (m+1) ) xInt[ (fxx) *mx (d+exx r)~(q+1),x] /;
FreeQ[{a,b,c,d,e,f,m,n,q,r},x]| & EqQ[m+rx(q+1)+1,0] && NeQ[m,-1]



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

3. j(fx)"' (d+ex")? (a+blog[cx"])?dx whenm=r-1 A pez*
1. J(-Fx)'" (d+ex")? (a+blog[cx"])Pdx whenm=r-1 A pez*A (mez v f>0)

1: J(fx)m(d+ex")q (a+blog[cx"])?dx whenm=r-1Apez*A (mez Vv £>0) Ar=n

Derivation: Integration by substitution
Rule:lf m=r-1ApezZ'A (mezZ VvV f>0) A r =n,then

J(-Fx)"‘ (d+ex")? (a+blog[cx"])?dx — —SubstU‘(d+ex)q (a+bLog[cx])Pdx, x, x"]
n

Program code:

Int[(F_.#x_)™m_.%(d_+e_.*x_"r_)"q_.*(a_.+b_.*Log[c_.*x_"n_])"p_.,x_Symbol] :=
-F"m/n*Subst [Int[ (d+e*xx) *q* (a+bxLog[c*x]) “p,Xx],X,X*n] /;
FreeQ[{a,b,c,d,e,f,m,n,q,r},x]| & EqQ[m,r-1] && IGtQ[p,0] & (IntegerQ[m] || GtQ[f,0]) && EqQ[r,n]



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

2. J-(fx)'" (d+ex")? (a+bLog[cx"])Pdx whenm=r-1 A pez*A (mez Vv £>0) A rs#n

dx whenm=r-1Apez*A (mez Vv £>8) Argn

.. J-(-Fx)'" (a+blLog[cx"])?

d+ex"
Derivation: Integration by parts
ice (0" __ 7 ex’
Basis: (X0 = £ 6, Log |1+ & ]

Rule:lf m=r-1ApeczZ'A (meZ VvV f>0) A r +n,then

dx —
d+ex” er er

dx
X

J(fx)m(a+bLog[cx"])p 1“'“Log[1+edir (a+blog[cx"])? bfmanLOg[1+:i (a+bLog[cx"])P?

Program code:

Int[(f_.*x_)™m_.x(a_.+b_.*Log[c_.*x_"n_.]1)"p_./ (d_+e_.#x_"r_),x_Symbol] :=
fAmxLog[1l+exx r/d] * (a+bxLog[c*x"n])*p/ (exr) -
bxf mxnxp/ (exr) *Int[Log[1+exx"r/d]* (a+bxLog[c*x*n]) " (p-1) /x,X] /;
FreeQ[{a,b,c,d,e,f,m,n,r},x| && EqQ[m,r-1] && IGtQ[p,0] && (IntegerQ[m] || GtQ[f,0]) & NeQ[r,n]



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

2: j(fx)m (d+ex")% (a+blLog[cx"])?dx whenm=r-1Apez*A (mez Vv £>0) Ar#nAq#-1

Derivation: Integration by parts

Rule:lf m=r-1ApezZ*AN (mezZV £>0) Ar+n A q#+-1,then

P (d+ex“)q+1 (a+bLog[cx"])P bfnp J.(d+exr)“"1 (a+bLog[cx"])p'1
- dx

fx)" (d+ex")? (a+blL "1)Pa
J( x)" (d+ex")? (a+bLog[cx"])Pdx — el cr e )

X

Program code:
Int[(F_.*x_)™m_.x(d_+e_.*x_"r_)~q_.*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
fAm* (d+exx”r)” (q+1) » (a+bxLog[c*x”n] ) p/ (exrx(q+1)) -

bxf mxnxp/ (exrx (q+1) ) *Int[ (d+exx"r)” (q+1) * (a+bxLog[c*x*n] )~ (p-1) /x,Xx] /;
FreeQ[{a,b,c,d,e,f,m,n,q,r},x]| & EqQ[m,r-1] && IGtQ[p,0] & (IntegerQ[m] || GtQ[f,0]) && NeQ[r,n] && NeQ[q,-1]

2: J(fx)"' (d+ex")? (a+blog[cx"])?dx whenm=r-1Apez*A - (mez v f>0)

Derivation: Piecewise constant extraction

Rule:lf m=r-1Apez*A -~ (meZ Vv f>0),then

f(fx)"'(d+ex")q(a+bLog[cx"])pd1x—> (fx:) Jx"‘ (d+ex")? (a+blLog[cx"])”dx

Program code:

Int [ (F_*x_)"m_.x(d_+e_.*x_"r_)"q_.=(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
(F#x) Am/x msInt [ X mx (d+exX"r) *qx (a+bxLog[c*x n]) *p,X] /;
FreeQ[{a,b,c,d,e,f,m,n,q,r},x] & EqQ[m,r-1] && IGtQ[p,0] & Not[(IntegerQ[m] || GtQ[f,0])]



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

dx when peZ*A rez* A mez

) J~x'" (a+blLog[cx"])?

d+ex”

. J-x”‘ (a+blLog[cx"])?

d+ex”

dx whenpezZ*Arez*Am-r+1lez*

Derivation: Algebraic expansion

[ Xm o mel" _ de—r‘
Basis: diex” e e (d+e x")

Rule:lf peZzZ"Arez*Am-r+1ecz",then

m bL n1)P m-r bL nT\P
jx (2 +bLog[cx"]) dx — lJ‘Xm-r (a+bLog[Cx"])pd1X—gfx (2 +bLogfexT]) dx
d+ex” e e d+ex”

Program code:

(* Int[x_"m_.*(a_.+b_.xLog[c_.*x_"n_.]1)"p_./(d_+e_.*x_"r_.),x_Symbol] :=
1/e*Int[x~ (m-r) * (a+bxLog[cxx*n]) *p,x] -
d/exInt[ (x* (m-r) x (a+bxLog[c*x"n])~*p) / (d+e*xx"r) ,x] /;
FreeQ[{a,b,c,d,e,m,n,r},x] & IGtQ[p,0] && IGtQ[r,0] && IGeQ[m-r,0] =*)



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

dx when peZ*A rez* A mez-

) J~x’" (a+blLog[cx"])?

d+ex”

. J-(a+bLog[cx"])p

dx whenpez*A rez*
x (d+ex")

dx when ﬁez

.. J-a+bLog[c x"]

X (d+ex")

Derivation: Integration by substitution

Basis: FX"L = L sybst [ FXL ) x, x"| o, x"
X n X

Rule: Ifﬁ € Z,then

bL n
J—a+ og[cx ] dx — 1Subst[J\—a+bLog[cx] dx, X, x"]
X (d+ex'") n X (d+ex"’“)

Program code:

Int[(a_.+b_.xLog[c_.*x_"n_])/ (x_*(d_+e_.*x_"r_.)),x_Symbol] :=
1/n%Subst[Int[ (a+bxLog[c*x]) / (x* (d+exx~(r/n))),x],x,x*n] /;
FreeQ[{a,b,c,d,e,n,r},x] & & IntegerQ[r/n]



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

. J«(a+bLog[cx"])p

X (d + e x)

dx when p e z*

Rule: Algebraic expansion

e 1 -1 e
Basis: X (dvex)  dx d (d+e x)

Note: This rule returns antiderivative in terms of ed—x instead of £, but requires more steps and one more term.

Rule: If p € Z7, then

dx

J-(a+bLog[cx“])pdlx B EJ-(a+bLog[cx"])p _EJ-(a+bLog[cx"])"

dx
X (d + e Xx) X d d+ex

Program code:

(» Int[(a_.+b_.*xLog[c_.*x_"n_.]1)"p_./ (Xx_=*(d_+e_.*x_)),x_Symbol] :=
1/d*Int[ (a+bxLog[cxx"*n])*p/x,X] - e/dxInt[ (a+bxLog[c*x”n])~p/ (d+exx),x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[p,0] =*)



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

dx when p e z*

. J«(a+bLog[cx"])p

X (d+ex'")

Rule: Integration by parts

. 1 _
Basis: X diex) Ox

bnp (a+bLog[cx"])Pt
X

Basis: Ox (a+ b Log[cx"])P ==

Note: This rule returns antiderivatives in terms of x" instead of x™", but requires more steps and larger
antiderivatives.

Rule: If p € Z*, then

J\(a+bLog[cx"])" ix

X (d+ex")

rLog[x] - Log[1 + &< (a+blLog[cx"])? 4, Log[x] (a+bLog[cx"])P? bn Log[1+ & (a+bLog[cx"])p'1
g - p‘f dx + P d dx

dr d X dr X

Program code:

(* Int[(a_.+b_.xLog[c_.*x_"n_.1)"p_./(X_*(d_+e_.*x_"r_.)),x_Symbol] :=
(rxLog[x]-Log[1+ (exx”r) /d]) » (a+bxLog[c*x”n] ) p/ (d*r) -
bxnxp/d+Int[Log[Xx] * (a+bxLog[c*x*n]) " (p-1) /X,X] +
bxnxp/ (dxr) *Int[Log[1+ (e*xx”~r) /d] * (a+bxLog[c*x*n]) " (p-1) /x,X] /;

FreeQ[{a,b,c,d,e,n,r},x] & & IGtQ[p,0] =)



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

dx when p e z*

. J« (a+blLog[cx"])?

d+ex

Rule: Integration by parts

e 1 1 d
Basis: x (d+ex™) —  dr Ox Log[l * exr}

Rule: If p € Z*, then

-

] (a+bLog[cx])?

dx — -

x(d+ex'") dr

J\(a+bLog[cx"])p LOg[1+eir] (a+blLog[cx"])?

Program code:

Int[(a_.+b_.xLog[c_.*x_"n_.]1)"p_./ (X_*(d_+e_.xx_"r_.)),x_Symbol] :=
-Log[1+d/ (exx"r) ] (a+bxLog[cxx~n]) p/ (d*r) +
bxnxp/ (d+r) *xInt[Log[1+d/ (exx"r) ]* (a+bxLog[c*x”*n]) " (p-1) /x,X] /;
FreeQ[{a,b,c,d,e,n,r},x] & IGtQ[p,9]

bnp
+

dr

JLog[l + 4

X

dx

10



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

dx whenpezZ*Arez*Am+1ez"

). J~x’" (a+bLog[cx"])?

d+ex"

Derivation: Algebraic expansion

.. Xm o ﬂ B eXmH‘
Basis: d+ex” — d d (d+e x")

Rule:lf pez*Arez*Am+1ecz,then

m bL n P m+r bL n p
JX (3+ Og[CX]) dx — §J~Xm (a+bLOg[CX"])pdlx—§JX (a+ og[cx])

d+ex"

Program code:
Int[x_"m_.*(a_.+b_.xLog[c_.*x_"n_.])"p_./(d_+e_.*x_"r_.),x_Symbol] :=
1/d*Int [x"m* (a+bxLog[c*x"n])*p,Xx] -

e/d*xInt[ (x*(m+r)* (a+bxLog[cxx*n])*p) / (d+exx"r),x] /;
FreeQ[{a,b,c,d,e,m,n,r},x] & IGtQ[p,0] && IGtQ[r,0] && ILtQ[m,-1]

2. j(fx)'" (d+ex)? (a+blog[cx"])Pdx whenm+q+1ez A pez* A q<-1

1: j(fx)m (d+ex)? (a+bLog[cx"])Pdx whenm+q+2=0 A pez*A q<-1

Derivation: Integration by parts

. o _ f mel ooy q+1
Basis: If m+ g + 2 == @,then (fx)" (d+ex)? = -ax‘—’—‘—’—xdf(qj)x

)

BaSiS: o8 (a +bLog[cx"] ) p_ bnp (a+bLog[cx"]

Rule:lf m+gq+2 =0 A peZ"A q< -1,then

j(fx)"' (d+ex)? (a+blog[cx"])Pdx —

d+ex”

dx

11



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

£ m+1 d q+1 bL n P
(Fx)™ (d+ex)®* (a+blog[cx]) ,—2ne J(fX)m(d+eX)q+1(a+bLog[cxr'])p_1d1x

) df (q+1) d(q+1)

Program code:

Int[(f_.*x_)™m_.x(d_+e_.*x_)"q_*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
—(f*x)A(m+1)*(d+e*x)A(q+1)*(a+b*Log[c*xAn])Ap/(d*f*(q+1)) +
bxn«p/ (d# (q+1) ) *Int [ (fxx)"mx (d+exx) ~ (q+1) » (a+bxLog[c*x*n]) " (p-1),x]| /;
FreeQ[{a,b,c,d,e,f,m,n,q},x]| && EqQ[m+q+2,0] && IGtQ[p,0] && LtQ[q,-1]

2. J(fx)m (d+ex)? (a+bLog[cx"])Pdx whenm+q+2ezZ A pezZ*Aq<-1Am>0

1: [x"(d+ex)? (a+blog[cx"])dx whenm+q+2€z A mez*

Derivation: Integration by parts

Basis: Oy (a+ b Log[c x"]) == bx—”

Rule:lif m+q+2ez A meZ*,letu»Jxm (d + e x)9dx, then

Jxm (d+ex)9 (a+blog[cx"]) dx — u (a+bLog[cx"]) —bnjgd]x
X

Program code:

Int[x_"m_.*(d_+e_.*x_)"q_=(a_.+b_.xLog[c_.*x_"n_.]) ,x_Symbol]

With[{u=IntHide [x"m« (d+e*X)"q,x]},
Dist[ (a+bxLog[c*x n]),u,x] - bxnxInt[SimplifyIntegrand[u/x,x],x]] /;

FreeQ[{a,b,c,d,e,n},x] && ILtQ[m+q+2,0] && IGtQ[m,0]
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Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

2: J-(fx)'" (d+ex)? (a+bLog[cx"])’dx whenm+q+2€Z A pezZ*Aq<-1Am>0

Derivation: Algebraic expansion and integration by parts

P q q+1
BaS|S. (d re X)q I (d+ex)9 (d (m+1) +e (m+g+2) X) . (m+gq+2) (d+ex)
d (q+1) d (q+1)

BaSiSZ(Fx)"‘(d+ex)q(d(m+1)+e(m+q+2)x)==<3X-(fl)—miifi’*—‘ﬂ)—qi

Basis: Oy (a +bLog[cx"] )P .. bnp (a+b Log[c x"])P?

X

Rule:lf m+gq+2czZ ApeZ"Aqg< -1 Am>0,then

j(fx)'" (d+ex)? (a+bLog[cx"])?

dx

— —;J(fx)'" (d+ex)d (d (m+1) +e (M+q+2) X) (a+bLog[cx“])pdlx+M.[(-Fx)m (d+ex)®* (a+blLog[cx"])?dx
d(q+1) d(q+1)
fx)™* (d “l (a+blL ")" b
- _( X) (d + ex) (a+ Og[CX ]) . np J-(fx)m (d+ex)q+1 (a+bLog[cx"])p_1dlx+
df (q+1) d(g+1)
m+q+2

d(q+1)

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_)"q_*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=

- (F*x) A (m+1) » (d+exx) ~ (q+1) « (a+bxLog[c*x n]) ~p/ (d+Fx (q+1)) +

(m+q+2) / (d* (q+1) ) #Int [ (Fxx) m« (d+exx) " (q+1) » (a+bxLog[c*x"n]) *p,x] +

bxn«p/ (d# (q+1) ) *Int [ (fxx)"mx (d+exx) ~ (q+1) » (a+bxLog[c*x*n]) " (p-1) ,x]| /;
FreeQ[{a,b,c,d,e,f,n},x] & ILtQ[m+q+2,0] && IGtQ[p,0] && LtQ[q,-1] && GtQ[m,0]

J(-Fx)"' (d+ex)% (a+bLog[cx"])”ax

13



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

4, J(-Fx)"' (d+ex")? (a+blog[cx"]) dx when q+1ez"

1: J(fx)"‘ (d+ex)? (a+blog[cx"]) dx whenq+1e€z A m>0

Rule:lf g+1 ez A m> 0,then

J(-Fx)"' (d+ex)? (a+blog[cx"]) dx —

£x)" (d a+1 bL " f
(Fx)" (d+ex)™ (a+bLogcx')) - J(fx)m'l (d+ex)%! (am+bn+bmLog[cx"]) dx
e(q+1) e(q+1)

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_)"q_.x(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
(F#x) "mx (d+exx) " (q+1) » (a+bxLog[c*x"n]) / (ex (q+1)) -
£/ (ex (q+1) ) xInt[ (fxx)~ (m-1) * (d+exx) ~ (q+1) » (a*m+bxn+bxmxLog[cxx*n]),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] && ILtQ[q,-1] && GtQ[m,O]
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Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

2: J(fx)'" (d+ex2)q (a+blog[cx"]) dx whenq+1e€z A mez"

Rule:lf g+1e€2z A mez ,then
j(fx)m (d+ex?) (a+bLog[cx"]) dx —

f m+1 d 2\ q+1 bL n
_( X)" (d+ext)™ (ax og[cx])+ ! J(-Fx)"'(d+ex2)q+1 (a(m+2q+3) +bn+b (m+2q+3) Log[cx"]) dx
2df (q+1) 2d (q+1)

Program code:

Int[(F_.*x_) m_.x(d_+e_.*x_"2)"q_.*(a_.+b_.*Log[c_.*x_"n_.]),x_Symbol] :=

- (F*x) A (m+1) » (d+exx"2) A (q+1) x (a+bxLog[cxx”n]) / (2+d+Fx (q+1)) +

1/ (2xd* (q+1) ) *Int [ ('F*X) Am* (d+exx"2) A (q+1) * (a* (M+2xq+3) +bxn+bx (m+2xq+3) xLog[c*x"*n]) ,X] /5
FreeQ[{a,b,c,d,e,f,m,n},x] & ILtQ[q,-1] && ILtQ[m,O]
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Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

5: Jx'" (d+ex*)? (a+blLog[cx"]) dx when %ez A q—%ez A-(m+2q<-2V d>0)

Derivation: Piecewise constant extraction

+ 2)4
Basis: Oy dvex?) " =0

<1+§X2>q

Rule:If 2 ez Agq-2€Z A= (m+2q<-2V d>0),then

dIntPart[q] (d +e XZ) FracPart[q]

Jx’" (d+ex?)? (a+blog[cx"]) dx — X" (1+ Exz)q (a+bLlog[cx"]) ax

(1 + % XZ) FracPart[q]

Program code:

Int[x_"m_.*(d_+e_.*x_"2)"q_=(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
d IntPart[q] * (d+exx”~2) *FracPart[q]/ (1+e/d*x*2) ~*FracPart[q] *Int [x"mx (1+e/d%*x"2) *q* (a+bxLog[c*x”n]) ,x] /;
FreeQ[{a,b,c,d,e,n},x] &% IntegerQ[m/2] &% IntegerQ[q-1/2] &% Not[LtQ[m+2xq,-2] || GtQ[d,0]]

Int[x_"m_.x(d1_+el_.xx_)"q_=*(d2_+e2_.xx_)"q_x(a_.+b_.xLog[c_.xx_"n_.]1),x_Symbol] :=
(dl+elxx)~qx (d2+e2xx)"q/ (1+elxe2/ (d1xd2) xx*2) ~*q+Int [X mx (1+elxe2/ (d1xd2) xx"2) ~qx (a+bxLog[c*x"n]) ,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,n},x] & EqQ[d2xel+dlxe2,0] &% IntegerQ[m] && IntegerQ[q-1/2]
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Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

dx when pez*

6 J\(d+ex")q (a+blLog[cx"])?

X

. J-(d+ex)q (a+blLog[cx"])?

X

dx when pez*

d a bL "1)P
1: J( rex) (a+ og[cx]) dx whenpez*A q>0

X

Rule: Algebraic expansion

. -1
Basis: 14:eX0% . d1d:eX0T @ (d + e x) 9!

Rule:lif pez* A g > 0,then

(d+ex)9 (a+bLog[cx"])P (d+ex)9* (a+blLog[cx"])P
J dx — dJ.

dlx+eJ.(d+ex)q'1 (a+blLog[cx"])Pdx
X

X

Program code:

Int[(d_+e_.*x_)"q_.*(a_.+b_.xLog[c_.*x_"n_.])"p_./x_,x_Symbol] :=
d+Int[ (d+exx)” (q-1) * (a+bxLog[c*x*n])*p/X,X] +
exInt[ (d+exx)” (q-1) » (a+bxLog[cxx*n])*p,x] /;
FreeQ[{a,b,c,d,e,n},x] & IGtQ[p,0] && GtQ[q,9] && IntegerQ[2xq]

d a bL n1)P
Z:J( rex) (a+ og[cx]) dx whenpez* A q< -1

X

Rule: Algebraic expansion

Basis: (dxex) __ (drex)9! e (drex)d
' X d x d

Rule:If pe z* A q < -1, then



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

dx —

J~(d+ex)q(a+bLog[cx"])p 1 ~(d+ex)%! (a+blog[cx"])?
X dJ

dx - E‘J‘(d+ex)q (a+blLog[cx"])Pdx
X

Program code:

Int[(d_+e_.*x_)"q_x(a_.+b_.xLog[c_.*x_"n_.])"p_./x_,x_Symbol] :=
1/d*Int[ (d+exx)”~(q+1) * (a+bxLog[c*x*n])*p/x,X] -
e/dxInt[ (d+exXx)~qx (a+bxLog[c*x”n]) p,x] /;
FreeQ[{a,b,c,d,e,n},x] &% IGtQ[p,0] &% LtQ[qg,-1] & IntegerQ[2xq]

. j(d+ex'")q (a+blLog[cx"])

dx whenq-tez
% 2

Derivation: Integration by parts

Basis: 0y (a + b Log[c x"]) == bx—”
 Rule:If q - >ez,letu- Jld*%)—q dx, then

J-(d+exr)q (a+blLog[cx"])

dx — u (a+bLog[cx"]) —ande
X

X

Program code:

Int[(d_+e_.*x_"r_.)"q_.*(a_.+b_.xLog[c_.*x_“*n_.])/x_,x_Symbol] :=
With[{u=IntHide[ (d+exx"r)~q/x,x]},
ux (a+bxLog[c*x"n]) - bxnxInt[Dist[1/x,u,x],x]] /;
FreeQ[{a,b,c,d,e,n,r},x] && IntegerQ[q-1/2]



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

d r\q bL n P
3J( +eX) (a+ og[CX]) dx when pez*A q+1lez”

Rule: Algebraic expansion

Basis: (d+exnd __ (drexn)dt ex"? (drex)d
' X d x d

Rule:lf pez*A gq+1 ez ,then

J«(d+ex")q (a+blLog[cx"])? ix lj(d+ex")q+1 (a+blLog[cx"])?

dx - EJX"‘l (d+ex")? (a+bLog[cx"])Pdx
X

X

Program code:

Int[(d_+e_.*x_"r_.)"q_=(a_.+b_.xLog[c_.*x_"n_.])"p_./X_,x_Symbol] :=
1/d*Int[ (d+exx"r)” (q+1) » (a+bxLog[c*x~n])p/X,Xx] -
e/dxInt[x” (r-1) x (d+exx”r)~qx (a+bxLog[c*x”n])p,x] /;
FreeQ[{a,b,c,d,e,n,r},x] & IGtQ[p,0] && ILtQ[q,-1]



Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

7: J(-Fx)"' (d+ex")% (a+blog[cx"]) dx whenmez A 2qe€Z Arez

Derivation: Integration by parts

Basis: Ox (a+ b Log[cx"]) == bx_”
Note:lf mez A q - % € 7, then the terms of jxm (d + e x) 9 dx will be algebraic functions or constants times an

inverse function.
Rule:lif mez A 2gezZ A rez,letu ej(fx)’" (d + e x")9dx, then

J('Fx)"‘ (d+ex")q (a+bLog[cx"]) dx — u (a+bLog[cx"]) _bnjzdlx

Program code:

Int[(f_.#x_)™m_.%(d_+e_.*x_"r_.)"q_.(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
With[{u=IntHide[ (f*x) mx (d+exx"r)~q,x]},

Dist[ (a+bxLog[c*x*n]),u,x] - bxn+Int[SimplifyIntegrand[u/x,x],x] /;

(EqQ[r,1] || EqQ[r,2]) && IntegerQ[m] && IntegerQ[q-1/2] || InverseFunctionFreeQ[u,x]] /3
FreeQ[{a,b,c,d,e,f,m,n,q,r},x]| & IntegerQ[2xq] && (IntegerQ[m] & IntegerQ[r] || IGtQ[q,0])
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Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

8: J(-Fx)"' (d+ex") (a+blog[cx"]) dx whenqez A (q>@ VmezZ A rez)

Derivation: Algebraic expansion

Rule:lf gez A (>0 Vv meZ A reZ),then

J(fx)"‘ (d+ex")? (a+blog[cx"]) dx — J(a +bLog[cx"]) ExpandIntegrand[ (fx)" (d+ex")%, x] dx

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_"r_.)"q_.(a_.+b_.*Log[c_.*x_"n_.]),x_Symbol] :=
With[{u=ExpandIntegrand [ (a+bxLog[c*x"n]), (fxx)~mx (d+exx r)~q,x]},
Int[u,x] /;

sumQ[ul] /;

FreeQ[{a,b,c,d,e,f,m,n,q,r},x]| & IntegerQ[q] & (GtQ[q,0] || IntegerQ[m] & IntegerQ[r])
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Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

9: Jx'" (d+ex")? (a+blLog[cx"])?dx when qez A ﬁez A m;—lez A ('";—1>0v pez*)

Derivation: Integration by substitution

m+1

Basis: If ™1 ¢ 7, thenx" F[x"] = % Subst{x " LF[x], X, x”} Oy X"
n n

n

Rule:ifgez A Sez A ™ez A (™ >0V pez),then

jx’" (d+ex")? (a+blLog[cx"])?dx — lSubstU- 1 (d+ex:')q (a+blog[cx])Pdx, x, x"]
n

Program code:

Int[x_"m_.x(d_+e_.*x_"r_.)"q_.*(a_.+b_.xLog[c_.*x_"“n_])"p_.,x_Symbol] :=
1/n+Subst[Int[x (Simplify[ (m+1) /n]-1)« (d+exx”(r/n)) g (a+bxLog[c*x]) p,x],x,x*n] /;
FreeQ[{a,b,c,d,e,m,n,p,q,r},x] & IntegerQ[q] && IntegerQ[r/n] &%& IntegerQ[Simpli-Fy[(m+1)/n]] && (GtQ[ (m+1)/n,0] || IGtQ[p,0])
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Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

10: J(-Fx)"' (d+ex")? (a+blog[cx"])?dx whenqez A (q>@ V peZ*AmMEZ A reZz)

Derivation: Algebraic expansion

Rule:lf gez A (>0 V pezZ*AmeZ AreZ),then

j(fx)'" (d+ex")? (a+blog[cx"])?Pdx — J(a +bLog[cx"])? ExpandIntegrand[ (fx)" (d+ex")?, x] dx

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_"r_.)"q_.(a_.+b_.*Log[c_.*x_"n_.]1)"p_.,x_Symbol] :=
With[{u=ExpandIntegrand | (a+bxLog[c*x"n])~p, (f+x)"m« (d+exx"r)~q,x]},

Int[u,x] /;

sumQ[ul] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q,r},x] & IntegerQ[q] & (GtQ[q,0] || IGtQ[p,@] & IntegerQ[m] & IntegerQ[r])

u: J‘(-Fx)"' (d+ex")? (a+blLog[cx"])Pdx

Rule:
J(-Fx)'" (d+ex")? (a+blog[cx"])?dx — J(-Fx)'" (d+ex")? (a+blLog[cx"])?dx

Program code:

Int[ (F_.*x_)™m_.x(d_+e_.*x_"r_.)"q_.(a_.+b_.*Log[c_.*x_"n_.]1)"p_.,x_Symbol] :=
Unintegrable[ (fxx)~m« (d+exx"r) g« (a+bxLog[c+x"n])"p,x] /;

FreeQ[{a,b,c,d,e,f,m,n,p,q,r},x]
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Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

N: j(fx)muq (a+blLog[cx"])?dx when u=d+ex"

Derivation: Algebraic normalization
Rule:If u =d + e x", then

J(fx)muq (a+bLog[cx"])?ax — J(fx)m (d+ex")? (a+bLog[cx"])P dx

Program code:
Int[(f_.*x_) m_.*u_"q_.x(a_.+b_.«Log[c_.*x_"n_.])"p_.,x_Symbol] :=

Int[ (f»x)~mxExpandToSum[u,x]~q (a+bxLog[c+x"n])"p,x] /;
FreeQ[{a,b,c,f,m,n,p,q},x] && BinomialQ[u,x] & Not[BinomialMatchQ[u,X] ]

Rules for integrands of the form (f + gx)™ (d + ex)% (a + bLog[c x"])P

1: j(f+gx)m(d+ex)q (a+blog[cx"])?dx whenef-dg#@ Am+q+2=0 A pezZ*Aq<-1

Derivation: Integration by parts

B | . |f m+ + 2 == h n (f m a__ (f+gx)™* (d+e x) 3t
aslis q 9,then (f+gx)" (d+ex)? = o, (LU= e

Basis: s, (a +blog[cx"] )p __ bnp (asblog[ex"])P™

X

Rule:lif ef-dg+0 Am+q+2=0 ApeZ"Aq<-1,then

f+rgx)"(d+ex)? (a+bLog[cx"])Pdx —
[(Frgx)" @rex (a+broglex])
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Rules for integrands of the form (f x)~"m (d+e x”~r)~q (a+b log(c x~n))"p

(1=+gx)m+1 (d+ex)®* (a+blog[cx"])? bnp (f+gx)’"*1 (d + e x) %1 (a+bLog[cx"])p'1
]

(q+1) (ef-dg) (q+1) (ef-dg

Program code:

Int[(f_+g_.*x_)™m_.»(d_+e_.*Xx_)"q_*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=

(Frg#x)~ (m+1) x (d+exx) ~ (q+1) » (a+bxLog[c*x"n]) "p/( (q+1) * (exf-dxg)) -

bxnxp/((q+1) * (exf-dxg) ) +Int[ (F+gxx) " (m+1) » (d+exx) ~ (q+1) x (a+bxLog[cxx"n] )~ (p-1) /X,X] /;
FreeQ[{a,b,c,d,e,f,g,m,n,q},x]| && NeQ[exf-d«g,0] && EqQ[m+q+2,0] && IGtQ[p,0] && LtQ[q,-1]

X

dx
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